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Quantum coherence is a key element in topical research on quantum resource theories and a primary facilitator 
for design and implementation of quantum technologies. However, the resourcefulness of quantum coherence is 
severely restricted by environmental noise, which is indicated by the loss of information in a quantum system, 
measured in terms of its purity. In this work, we derive the limits imposed by the mixedness of a quantum 
system on the amount of quantum coherence that it can possess. We obtain an analytical trade-off between the 
two quantities that upperbound the maximum quantum coherence for fixed mixedness in a system. This gives 
rise to a class of quantum states, “maximally coherent mixed states,” whose coherence cannot be increased 
further under any purity-preserving operation. For the above class of states, quantum coherence and mixedness 
satisfy a complementarity relation, which is crucial to understand the interplay between a resource and noise in 
open quantum systems. 


I. INTRODUCTION 

Recent developments in modern science have shown 
that quantum coherence plays an important role in low- 
temperature physics starting from the formulation of the basic 
laws of thermodynamics to work extraction [1-11]. Further¬ 
more, it is a useful figure of merit in investigating nanoscale 
systems [12, 13] and understanding efficient energy transfer 
in complex biological systems [14-18]. In recent years, re¬ 
searchers have attempted to develop a framework to formal¬ 
ize the theory of quantum coherence within the realms of 
quantum information and quantum resource theories [19-30]. 
Within this context, there are two pertinent theoretical frame¬ 
works that attempt to characterize coherence as a resource. 
The first is based on the resource theory of asymmetry rela¬ 
tive to phase shifts, where operations are restricted to phase 
insensitive operations and symmetric states are free resources 
[19, 20, 22, 26]. The above theoretical structure has been used 
in several resource based formulations of quantum thermo¬ 
dynamics [4, 5]. The second formalism is based on a well- 
defined set of allowed incoherent operations and a set of freely 
available incoherent states [23]. In this framework, quantum 
coherence is a well-defined resource, which can be quantified 
in terms of functions or coherence monotones that satisfy cer¬ 
tain characteristic conditions. Some of the better known mea¬ 
sures of quantum coherence are those based on li norm and 
relative entropy [23], and skew information [25]. Incidentally, 
a recent work proves that all measures of entanglement can be 
artfully used to define a family of valid measures of quantum 
coherence [31]. Moreover, the latter formalism has been re¬ 
cently used to address a fundamental issue of wave-particle 
duality [32], thus, enabling coherence to be a valid indicator 
of the wave nature of quantum systems. 

Another significant aspect in the dynamics of quantum sys¬ 
tems is the role of environmental noise and the unavoidable 
phenomenon of decoherence. It is known that decoherence is 
detrimental to the amount of information contained in a quan¬ 
tum state, as measured by its purity. To effectively charac¬ 
terize the role of decoherence in erasing information [33] one 
needs to quantify the purity or its complementary property, 
the mixedness of the state. A faithful measure of mixedness 
is the normalized linear entropy [34]. From the perspective of 


resource theory of purity [35, 36], mixedness can be obtained 
as a complementary quantity to global information. Since, 
noise tends to increase the mixedness of a quantum system, it 
emerges as an intuitive parameter to understand decoherence. 
A natural question that arises is how does important physical 
quantities in quantum information theory, such as entangle¬ 
ment [37], fare against mixedness of quantum systems? An 
interesting direction is to obtain the maximum amount of en¬ 
tanglement for a given mixedness, which leads to the notion 
of maximally entangled mixed states [38-42]. The amount of 
entanglement in such states cannot be increased further under 
any global unitary operation. Also, the form of the maximally 
entangled mixed states depends on the measures employed 
to quantify entanglement and mixedness in the system [41]. 
Such states have also been investigated in Gaussian quantum 
systems [43-45]. 

In our work, we investigate the limits imposed by mixed¬ 
ness of a quantum system on the amount of quantum co¬ 
herence present in the system. Since we consider quantum 
systems where the missing phase-reference frame is appar¬ 
ently lacking, the formalism based on the resource theory of 
asymmetry [22] becomes over-restrictive [46]. Hence, in the 
present work, we use the theoretical approach based on the set 
of incoherent operations and states [23], to characterize and 
quantify coherence. We derive an analytical trade-off between 
the two quantities that allows us to upperbound the maximum 
coherence in a given mixed quantum state and vice versa. Us¬ 
ing the 1 1 norm of coherence [23] as a measure of quantum 
coherence and normalized linear entropy [34] as a measure of 
mixedness, we prove that for a general J-dimensional quan¬ 
tum system the sum of the (scaled) squared coherence and the 
mixedness is always less than or equal to unity. This allows 
us to derive a class of quantum states, viz. “maximally coher¬ 
ent mixed states” (MCMSs), that have maximal coherence, 
up to incoherent unitaries, for a fixed mixedness. These states 
are parametrized mixtures of a J-dimensional pure maximally 
coherent state and maximally mixed state. Interestingly, for 
different values of mixedness the analytical form of MCMS 
remains unchanged and, unlike maximally entangled mixed 
states, is not dependent on the choice of the measure of co¬ 
herence and mixedness, as observed for l\ norm, relative en¬ 
tropy, and geometric measures of coherence. The obtained 
analytical results, show an important trade-off between a rel- 
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evant quantum resource and noise in open quantum systems 
and a complementary behavior between coherence and mixed¬ 
ness in the class of MCMSs, which may be crucial from the 
perspective of quantum resource theories and thermodynam¬ 
ics. Significantly, since the mixedness of a quantum system 
can be experimentally measured using quantum interferomet¬ 
ric setups [47, 48], without resorting to complicated state to¬ 
mography, our results provide a mathematical framework to 
experimentally determine the maximal coherence in a quan¬ 
tum state. 

The paper is organized as follows. In Sec. II, we briefiy dis¬ 
cuss the quantification of coherence and mixedness. In Sec. 
Ill, we theorize the trade-off between coherence and mixed¬ 
ness in J-dimensional systems. In Sec. IV, we define a class 
of maximally coherent mixed states that satisfy a comple¬ 
mentarity relation between coherence and mixedness. In Sec. 
V, we investigate the allowed set of transformations within 
classes of fixed coherence or mixedness. We conclude with a 
discussion of the main results in Sec. VI. 


II. QUANTIFYING COHERENCE AND MIXEDNESS 

In this section we present a brief overview of the concepts 
of quantum coherence and mixedness of quantum systems. To 
characterize the coherence in a quantum system, we follow the 
theoretical approach developed in Ref. [23]. All mathematical 
formulations and results that are subsequently presented and 
discussed are valid within the framework of the above theory 
of quantum coherence. 

A. Quantum coherence 

Quantum coherence, an essential feature of quantum me¬ 
chanics arising from the superposition principle, is inherently 
a basis dependent quantity. Therefore, any quantitative mea¬ 
sure of it must depend on a reference basis. The framework, 
to quantify coherence in the context of quantum information 
theory, is based on the characterization of a set of incoher¬ 
ent states, denoted by I and incoherent operations [23]. 
For a given reference basis {|/)}, all the states of the form 
Pi = 'Lidi\i){i\, where J/ > 0 and 2/^/ = form a set, 
J, of incoherent states. Incoherent operations A^ are defined 
as completely positive trace preserving (CPTP) maps, which 
map the set of incoherent states onto itself, i.e., A^(J) e J. 
Under the set of operations A^ and the free incoherent states 
J, quantum coherence is a valid resource that can be quan¬ 
tified. A function, C(p), is a bona fide measure of quantum 
coherence of the state p if it satisfies the following conditions 
[23] : (1) C(p) = 0 iff p € J. (2) C(p) is nonincreasing 
under the incoherent operations, i.e., C(A/[p]) < C(p). (3) 
C(p) decreases on an average under the selective incoherent 
operations, i.e., Y.kPkC{pk) < C(p), wherepy^ = MkpMllpk, 
Pk = TrMy^pMj, and are the Kraus elements of an in¬ 
coherent channel. (4) C(p) is convex in its arguments, i.e., 
C(Tjk PkPk) ^ Yuk PkC(pk)- One may note that conditions (3) 
and (4) together imply condition (2). 


Measures that satisfy the above conditions, include /i norm 
and relative entropy of coherence [23] and the skew infor¬ 
mation [25]. Generic monotones of quantum coherence can 
also be derived using entanglement monotones that satisfy the 
above conditions [31]. In this work, we shall mainly be fo¬ 
cused on the 1 1 norm of coherence. For a quantum state p and 
the reference basis {|/)}, the li norm of coherence is given by 

C/.(p) = 2]b,vi (1) 

i*j 

where pij = {i\p\j}. Another measure of coherence is the rela¬ 
tive entropy of coherence, which is given by Cr(p) = S (pd) - 
S (p), where S(p) = -Tr(p In p), is the von Neumann entropy 
and Pd = YMp\W}{i\- Moreover, a geometric measure of co¬ 
herence had also been speculated [23, 29, 31] and was, only 
recently, shown to be a full coherence monotone [31]. The 
geometric measure is given by C^(p) = 1 - max^-ej F(p, cr), 
where I is the set of all incoherent states and F(p,cr) = 

^Tr[ yj yfap Vo^] j is the fidelity of the states p and cr. It is 

important to note that quantum coherence, by definition, is 
not invariant under general unitary operation but does remain 
unchanged under incoherent unitaries. Furthermore, the max¬ 
imally coherent pure state is defined by 10. for 

which Cl, {\\l/d) {il/d\) = - 1 and CriVI/d) {^d\) = In d. 


B. Mixedness 

For every quantum state, the ubiquitous interaction with en¬ 
vironment or decoherence affects its purity. Noise introduces 
mixedness in the quantum system leading to loss of informa¬ 
tion, and hence, its characterization is an important task in 
quantum information protocols. The mixedness, which rep¬ 
resents nothing but the disorder in the system, can be quan¬ 
tified in terms of entropic functionals, such as linear and von 
Neumann entropy of the quantum state. For an arbitrary d- 
dimensional state, the mixedness, based on normalized linear 
entropy [34], is given as 

M,(p)= ^(l-Trp2). (2) 

Therefore, for each quantum system, mixedness varies be¬ 
tween 0 and 1, i.e., 0 < M/(p) < 1. Furthermore, since Trp^ 
describes the purity of quantum system, mixedness expect¬ 
edly emerges as a complementary quantity to the purity of 
the given quantum state. The other operational measure of 
mixedness of a quantum state p is the von Neumann entropy, 
S(p) = -Tr(p In p). Moreover, in a manner similar to quantum 
coherence, a geometric measure of mixedness can also be de¬ 
fined, which is given by Mg(p) := F(p, l/d) = ^ ^Tr and 
lies between 0 and 1. 
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III. TRADE-OFF BETWEEN QUANTUM COHERENCE 
AND MIXEDNESS 


In this section, we investigate the restrictions imposed by 
the mixedness of a system on the maximal amount of quantum 
coherence. We prove analytically, that there exists a trade-off 
between the two quantities and for a fixed amount of mixed¬ 
ness the maximal amount of coherence is limited. The results 
allow us to derive a class of states that are the most resource¬ 
ful, in terms of quantum coherence, under a fixed amount of 
noise, characterized by its mixedness. 

The important trade-off between quantum coherence, as 
quantified by the l\ norm, and mixedness, in terms of the nor¬ 
malized linear entropy, is captured by the following theorem. 


Theorem 1. For any arbitrary quantum system, p, in d dimen¬ 
sions, the amount of quantum coherence C/j(p) in the state is 
restricted by the amount of mixedness Mi(p) through the the 
inequality 


clip) 

{d-\f 


+ Mi(p)<\. 


(3) 


Proof Using the parametric form of an arbitrary density ma¬ 
trix, the state of a J-dimensional quantum system can be writ¬ 
ten in terms of the generators. A/, of SU{d) [49-53], as 

I 1 . 

P = ^ + 2 Zj 


where xi = Tr[pAd. The condition of positivity can be 
stated in terms of the coefficients of the characteristic equa¬ 
tion for the density matrix p. Specifically, the Eq. (4) is pos¬ 
itive iff all the coefficients of the polynomial det(/ll - p) = 
> 0 for 1 < / < (/ (Ao = 1). 
This criterion can be verified simply by calculating traces 
of various powers of p [52, 53]. The generators A/ (/ = 
- 1) satisfy (1) A, = AJ, (2) Tr(A,) = 0, and (3) 
Tr(A/Ay ) = 2Si j. These generators are defined by the structure 
constants fjk (a completely antisymmetric tensor) and gijk (a 
completely symmetric tensor), of Lie algebra su{d) [51, 52]. 
The generators can be conveniently written as = 

{ujk,Vjk,wi}. Here ujk = ( \j}{k\ -r |^)01), ^jk = -K\j}{k\ - 

\k}{j\), and wi = ^/^4=,(|7>(7|-/|/+1>(/+1|), 

where j < k with j,k = 1,2, ...,J and I = 
1,2, ...,(J - 1) [51, 52]. The generators can be labeled 

as {Ai,.., A(^, A(^ ,.., A(j 2 _j), A(j 2 _^)+i, .., A(^_i)} = 

2 2 

Vi 2 , Wl, .., W(j-l)}. 

The li norm of coherence of a J-dimensional system, given 
by Eq. (4), can be written as 

{(f-d)l2 

Ch(p)= Yj ( 5 ) 

i=l 

Eurthermore, the mixedness is given by 

"'W ==' - 2(At) E 


Using the expressions for C/j(p) and Mi(p), we obtain 
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+ Mi(p) 
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(({d^-d)l2 
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{d-\f 
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V i=^ 
d^-1 


-'+{(f-d)l2 




'2_^ \ 
.2 


i=l 


2(d-l) 


z 

i=d^-d 


I 

(7) 


where, in the last step, we have used the inequality 2 < 

(x + y). Since the ^ts-d + 

M/(p) < 1, which concludes our proof. □ 

Theorem 1 proves that the scaled coherence, of a 

quantum system with mixedness M/(p), is bounded to a re- 

cf (p) 

gion below the parabola + Af/(p) = 1 (see Eig. 1). The 
quantum states with (scaled) quantum coherence that lie on 
the parabola are the maximally coherent states corresponding 
to a fixed mixedness and vice versa. The trade-off obtained 
between coherence and mixedness can be neatly presented for 
a qubit system. Let us consider an arbitrary single-qubit den¬ 
sity matrix of the form 


The eigenvalues of the above density matrix are given by 
4+ = (l + /2. The positivity and 

Hermiticity of the density matrix implies that 0 < a{\ - a) - 
4|cp < 1/4. Now, the mixedness of the state p is given 
by M/(p) = Aa{\ - a) - 4|cp. The h norm of coherence is 
C/j(p) = 2|c|. Using the expressions of coherence and mixed¬ 
ness, we obtain Cf^(p)-\-Mi(p) = 4a(l-a). Since 4a(l-a) < 1, 
we have Cj^ip) Mi(p) < 1, with the equality holding if and 
only if a = 1 /2. 

Erom Theorem 1, we know that the maximum coherence 
permissible in an arbitrary quantum state with a fixed mixed- 

Cf (p) 

ness, are the values that lie on the parabola + Af/(p) = 1. 
The same holds for the maximum mixedness allowed in a 
quantum state with fixed coherence (see Eig. 1). A natural 
question arises: What are the quantum states that correspond 
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to the maximal coherence and satisfy the equality in Eq. (3)? chosen because negative value leads to negative coherence, 
The above question is addressed in the following section. which is not desired. The value of coherence for the stationary 

states is given by 


IV. MAXIMALLY COHERENT MIXED STATES AND 
COMPLEMENTARITY 

Let us find the quantum states with maximal h norm of 
coherence for a fixed amount of mixedness, say Mf. For this, 
we need to maximize the coherence under the constraint that 
the mixedness Mf as quantified by normalized linear entropy 
is invariant. Here we provide the form of maximally coherent 
mixed state for a general J-dimensional system. 

Theorem 2. An arbitrary d-dimensional quantum system with 
maximal coherence for a fixed mixedness Mf, up to incoherent 
unitaries, is of the following form 


ClM = E + - 1) V^l-%)- (14) 

This is the maximal value of coherence that a state can have 
for a fixed value of mixedness Mf. Therefore, the states with 
x^j + - 4(1 - Mf)ld^ for j < Djl and xj = 0 for 

j > D are the states that have maximum coherence for a given 
mixedness Mf. These states can be written as 

I 

Pm ~ ^ ^ ^ "I" sin (15) 


Pm = ^—f-hxd + P \^d){^d\, (9) 

d 

where \il/f) = 10. Is the maximally coherent state in 

the computational basis, Idxd is the d-dimensional identity op¬ 
erator and the mixedness, in terms of normalized linear en¬ 
tropy, is equal to Mf = 1 - p^. 

Proof. Using the parametric form of the density matrix given 
in Eq. (4), the expressions for coherence and mixedness of 
any J-dimensional system was obtained in Eqs. (5) and (6). 
To prove the above theorem, we seek the maximal coherence 
for a fixed mixedness, say Mf, i.e., we maximize the function 
C/j, under the constraint 


Mf = l- 


d 

2(d - 1) 



( 10 ) 


where R = ^ and Of = tan"^(x/+/)/ 2 /v/). We ob¬ 

serve that the diagonal part of these states is maximally 
mixed and the points, {xi,Xi+D/ 2 ]fJi, that define the off- 
diagonal elements, lie on the circle of radius R in the real 
(v/, v/+/)/ 2 )-plane. An equivalent form of the above states 
can be written, by identifying {6i, ...,6d-u6d, = 

{012, 01^/, 023. •••. as 

Pm = 1 ^ + e-'^jKi\). (16) 

U=1 

i<j 

Now, the phases appearing in the off diagonal components can 
be removed by applying an incoherent unitary of the form U = 
Yjt=i which keeps the coherence invariant. To this 

end by choosing ftj = yi - yj we get 


Hence, we need to maximize the Lagrange function 


DI2 


^ + ^?+D/2 + 4 


D+d-\ 


1 - 


2(J- 1) 




( 11 ) 


where D = d^ - d and A is the Lagrange multiplier. The sta¬ 
tionary points, |v'.|, of C/j(p) imply the vanishing of 


Pm = l + |L(|/)<yl + lym (17) 

i<j 

Now, setting R = 2p/d, wq obtain the state given in Eq. (9). 
Therefore, up to incoherent unitary transformations, the states 
with maximal coherence for a fixed mixedness are those that 
take the form given by Eq. (9). This completes the proof. □ 


dxj 


k) 


= 


'j+DI2 

_ Ad / 


for j > D 


Therefore, we have v'. = 0 for all j > D and ^x'^ x'j 
^ for j < D/2. This implies that 


( 12 ) 


./2 _ 

'j+DI2 


Al - -^2 ^ -^ 2+012 


Adi2 ^ 


d-1 

Ad 


(13) 


For a single-qubit quantum system, the proof can be math¬ 
ematically elaborated. For the density matrix, given in Eq. 
(8), we need to maximize the coherence under the constraint 
that Mf = 4a(l - a) - 4|cp, is invariant. Hence, we need to 
maximize, Cf(p) = 2\c\ -r A[4a(l - a) - 4|cp - Mf], where A 
is the Lagrange multiplier. Upon optimization, the stationary 
points are given by a = 1/2 and \c\ = 1/(44). Using constraint 
equation, we get 4 = ±1/(2 ^1 - Mf). Choosing the positive 
value of 4, we obtain \c\ = ^JY^^Wf 12. Thus, the maximum 
value of coherence is equal to C/j (p) = ^1 - Mf and the cor¬ 
responding states, are given by 


Putting these values of v^s in the constraint equation (10) we 
get A = (d - l)/[2 ^y/(r^^M^]. The positive value of 4 is 


Pmif) — 2 


1 yi -M/exp[!<^] \ 

1 j 
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where 0 is an arbitrary phase. The phase can be removed 
through incoherent unitaries which keeps the coherence in¬ 
variant. The density matrix in Eq. (18), up to incoher¬ 
ent unitaries, has the form = Vl2x2 + p\^ 2 }{^ 2 l where 
10 ^ 2 ) = (|0) -r |1))/ V 2 is the maximally coherent state, I 2 x 2 is 
the identity operator in two dimensions, and p = ^Jl - Mf. 

From Theorem 2, the h norm of coherence of the 
maximally coherent mixed state, given in Eq. (9), is 
Ci^iPm) = (d - l)p, and the mixedness is equal to Mi(pm) = 
^ (1 - Tr[p^]^ = l-p^. Therefore, we obtain a complemen¬ 
tarity relation between coherence and mixedness, 

c? (pm) 

-y-^ + M,(p^) = \, (19) 

(d - 1)2 

which satisfies the equality in Eq. (3), and thus lie on the 

Cf ipm) 

parabola, = 1, in the coherence-mixedness 

plane (see Fig. 1). We call the parametrized class of states, 
defined by Eq. (9), that satisfy the complementarity between 
coherence and mixedness, i.e., any change in coherence leads 
to a complementary change in mixedness, the “maximally co¬ 
herent mixed states.” The MCMS class consists of pseudo- 
pure states, which are an admixture of the maximally coherent 
pure state and an incoherent state. Incidentally, states of the 
form given by Eq. (9) have also been discussed as states of 
fixed purity that maximize the sum of quantum uncertainties 
[54]. 

Similarly, one can derive a class of states with maximal 
mixedness for fixed coherence. Using an approach similar to 
Theorem 2, one can show that the set of maximally mixed 
coherent states also satisfy the complementarity relation and 
thus lie on the parabola given by Eq. (19), and hence are of 
the same form as MCMS class. 

Interestingly, we note that the form of MCMS remains the 
same if we employ a different set of measures for characteriz¬ 
ing coherence and mixedness. For example, let us consider, 
the relative entropy of coherence Crip) and von Neumann 
entropy Sip) as our respective measures of coherence and 
mixedness. It can be shown, using the formalism employed in 
Theorems 1 and 2, that the trade-off relation, Cr(p) + 5'(p) < 1, 
and the subsequent form of MCMS remains the same. Sim¬ 
ilarly, if one considers geometric coherence and geometric 
mixedness for qubit systems, as the measures of coherence 
and mixedness, one can obtain an identical trade-off relation 
between the two quantities. To elaborate, the analytical form 
of geometric coherence for any arbitrary qubit state [Eq.(8)] 
is given by [31], 

Cg(p) = 5 [1 - Vl-4|cpJ, (20) 

where c is the offdiagonal element of the qubit density matrix 
p in the computational basis. Further, for an arbitrary qubit 
state, the geometric mixedness is given by 

M,(p)= l|l+ ^4[a(l-a)-|c|2]|. (21) 



M,(p) M,(p) 

ic) d = A (d) J = 5 

Figure 1. (Color online) Plot showing the trade-off between the 
(scaled) coherence, C/j(p)/(J - 1), and mixedness M/(p) as obtained 
from Eq. (3). The redline represents the extremal parabola in Eq. 
(19), which corresponds to the MCMS class that satisfies a com¬ 
plementarity relation between coherence and mixedness. The figure 
plots the (scaled) coherence, along the Y axis, and mixedness, along 
the X axis, for 1 x 10^ randomly generated states in J = 2, 3, 4, and 
5 dimensions, using a specific Mathematica package [55]. 

From Eqs. (20) and (21), we have 

C,(p) + M,(p) = 1 + l|^4[a(l-a)-|cp]- Vl-4|cp| 

< 1, (22) 

where in the last line we have used the fact that Aai\ - a) < 1. 
Hence, we observe that the trade-off relation is the same in 
Theorem 1. For arbitrary qubit systems, the form of MCMS, 
given in Eq. (9), remains the same for the geometric coher¬ 
ence and geometric mixedness considered as the measures of 
coherence and mixedness, respectively, and the complemen¬ 
tarity relation, Cgip) + Mgip) = 1, is satisfied. Hence there 
is a strong sense of universality about the form of MCMS, 
within the framework of the considered theory of coherence, 
in contrast to the measure dependent class of maximally en¬ 
tangled mixed states derived in the context of entanglement 
theory [38^2]. However, the form of MCMS for geometric 
coherence in general qudit systems needs to be further inves¬ 
tigated. We note that the question of universality of the class 
MCMS for all equivalent sets of measures for coherence and 
mixedness, in any dimension, is still open. 

V. TRANSFORMATIONS WITHIN CLASSES OF STATE 

The trade-off between coherence and mixedness, as estab¬ 
lished in Theorem 1 along with the complementarity relation 
given by Eq. (19) for the MCMS class lead to the question 
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of convertibility within the classes of fixed mixedness or co¬ 
herence. In other words, given a class of states with fixed 
mixedness, what are the transformations that allow one to vary 
the coherence, while keeping the mixedness invariant, or vice 
versa? The importance of transformation and interconversion 
between classes of states lies in the predominant role it plays 
in resource theories [20, 26, 28] and its central status in the 
formulation of the second law(s) of thermodynamics in quan¬ 
tum regime [1, 3, 6-8, 11, 21]. In this section, we investigate 
the set of operations that allow for such transformations for 
qubit states. Here, we exclusively consider the li norm of 
coherence and normalized linear entropy as the measures of 
coherence and mixedness, respectively. 


A. States with fixed coherence 


For a fixed value of coherence, say a, in a fixed reference 
basis, say the computational basis, the states with varying 
mixedness, up to incoherent unitaries, are given by p{a) = 

j . Now, let us consider two states, p{a\) andpfe), 

that have the same coherence but different mixedness. For the 
conditions, (1 - ai) > a2 > a\ or (1 - a\) < a2 < ai, the 
inequality, ai(l - ai) < a 2 (l - a 2 ) is satisfied. For this case, 
it is easy to see that p{a2) is majorized [56-60] by p(ai), i.e., 
p(a2) < p(ai). Therefore, using Uhlmann’s theorem [57-60], 
we can write 


la a 
y Of 1 - a 


p(a2) = Y,PiUip(ai)Uj, (23) 


B. States with fixed mixedness 


In the same vein, we explore the transformations which 
convert one state to the other with the same mixedness, but 
a varying amount of coherence. The states of the form 


p(a) = 




V 


/4a(l-a)-M 

V 4 


4 


4a(l-a)-M \ 
4 

I - a 


(25) 


have the same mixedness M but can have different coher¬ 
ences. Now, let us consider two different states p(ai) and 
p(a 2 ). Since these states have the same mixedness, and hence 
the same eigenvalues, they must be related to each other by a 
unitary similarity transformation. This similarity transforma¬ 
tion can be easily found, once we get the eigenvectors of both 
the states. Let p(ai) \ef^) = At \ef^) and p(a2) \ef^} = At \ef^) 
(i = 1,2). Now, the unitary similarity transformation S, such 
that p{a 2 ) = Sp(ai)S^, can be obtained from the definition 
S Thus, for two states of given fixed mixedness, 

one can always find a reversible similarity transformation be¬ 
tween them. For an example, consider two states. 


_/0.3 0.4 \ _/0.9 0.2 \ 

“\0.4 0.7 j’ “\0.2 0.1 j’ 


(26) 


of the mixedness M = 0.2. The similarity transformation from 
p 2 to Pi, i.e., p 2 = ^pi^^ using eigenvectors of both the 

states, is given by 5 = | | j, which is a coherent uni¬ 

tary. In general, the states with identical mixedness but with 
varying coherence are connected through coherent unitaries. 


where t//’s are unitaries and pt > 0, = 1- For the qubit 

case, to keep the coherence invariant, we only allow incoher¬ 
ent unitaries. In the following, we shall see that the map, 

^Ip] = pp + (1 - p)(T^p(T^, (24) 

where (Tx = | ^ 0 sufficient to convert the state from 

p{a\) top(a 2 ), keeping the coherence unchanged. Specifically, 
we can achieve p{a 2 ) from p{a\) using Eq. (24), by setting 
p = ( 1 -^ 1 -^ 2 ) 7 ( 1 - 2 ( 21 ), which is a valid probability for the 
case we are considering. Similarly, in the opposite case with 
the conditions (1 - ( 22 ) > ai > <22 or (1 - ( 22 ) < ( 2 i < ( 22 , one 
can find a similar map, as in Eq. (24), from p{a 2 ) to p{a\). 

Therefore, given two qubit density matrices p and cr with 
the same coherence, if p ^ cr (cr < p), then there will always 
exist a probability distribution and incoherent unitaries, lead¬ 
ing to a transformation cr ^ p (p ^ cr). An interesting ob¬ 
servation of the above analysis arises from considering maps 
related to open quantum systems. For noisy operations, for ex¬ 
ample the maps in Eq. (24), the transformation between states 
with the same coherence is reminiscent of the phenomenon of 
freezing of quantum coherence [24] . 


VI. CONCLUSION 

In our work, we show that there exists an intrinsic trade¬ 
off between the resourcefulness and the degree of noise in an 
arbitrary J-dimensional quantum system, as quantified by its 
coherence and mixedness, respectively. The obtained results 
are important from the perspective of resource theories as it 
allows us to quantify the maximal amount of coherence that 
can be harnessed from quantum states with a predetermined 
value of mixedness. Thus, we are able to analytically derive 
a class of maximally coherent mixed states, up to incoher¬ 
ent unitaries, that satisfy a complementarity relation between 
coherence and mixedness, in any quantum system. Due to 
the experimental ease with which the measurement of purity 
is feasible [48], our results can be utilized to experimentally 
determine the maximal /i norm of coherence for any general 
J-dimensional quantum state. For qubit systems, the above 
conclusions can also be extended to the relative entropy and 
geometric measures of coherence. Importantly, the theoretical 
formulation and results provided in the paper, are valid within 
the framework of the resource theory of coherence, as defined 
in [23], and cannot be mathematically extended directly to the 
quantification of coherence based on the theory of asymmetry 
[22] . Developing a framework that can operationally connect 
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the two resource-theoretical perspectives is an important di¬ 
rection for future research. 

The results presented in the work provide interesting in¬ 
sights on other aspects of the theory of coherence. An imme¬ 
diate application of our results is in understanding the connec¬ 
tion between the resource theories of coherence and entangle¬ 
ment. It was shown in a recent paper [31], that the maximum 
amount of entanglement that can be created between a system 
and an incoherent ancilla, via incoherent operations, is equal 
to the coherence present in the system. Using the formalism 
presented in [31] and the complementarity relations derived in 
our work, one can prove that the maximum entanglement that 
can be created between a quantum system and an incoherent 
ancilla, via incoherent operations, is bounded from above by 
the mixedness present in the system. Another significant as¬ 
pect of the results is to address the question of order and inter¬ 
convertibility between classes of quantum states, which is the 
fundamental premise for developing quantum resource theory 
and thermodynamics. Our analysis shows that, for qubit sys¬ 
tems with a fixed coherence, majorization provides a total or¬ 
der on the states based on their degree of mixedness, while 
for fixed mixedness, all the qubit states with varying degree 
of coherences are interconvertible. As a future direction, it 
will be very interesting to investigate if there exists such a to¬ 
tal order in J-dimensional states with fixed coherence based 


on their degree of mixedness. We note that the total order on 
the states is only possible for a specific class of states and pro¬ 
vided one works within the framework of the resource theory 
of coherence considered in our study. It is known that total 
order between states of fixed coherence is not possible within 
the resource theory of asymmetry [4, 19, 20]. 

To summarize, the present work deals with an important as¬ 
pect of quantum physics, in particular, it addresses the ques¬ 
tion of how much a resource can be extracted from any ar¬ 
bitrary quantum system subjected to decoherence. We prove 
that there is a theoretical limit on the amount of coherence 
that can be extracted from mixed quantum systems and also 
derive the class of states that are most resourceful under de¬ 
coherence. The results presented in the work provide impetus 
and alternative directions to the study of important physical 
quantities in open quantum systems and the effect of noise on 
quantum resources. 


ACKNOWLEDGMENTS 

US, MNB, and HSD acknowledge the research fellowship 
of Department of Atomic Energy, Government of India. 


[1] M. Horodecki and J. Oppenheim, Nat. Commun. 4, 2059 
(2013). 

[2] C. A. Rodriguez-Rosario, T. Frauenheim, and A. Aspuru- 
Guzik, arXiv:1308.1245. 

[3] R Skrzypczyk, A. J. Short, and S. Popescu, Nat. Commun. 5, 
4185 (2014). 

[4] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph, 
Rhys. Rev. X 5, 021001 (2015). 

[5] M. Lostaglio, D. Jennings, and T. Rudolph, Nat. Commun. 6 
(2015). 

[6] V. Narasimhachar and G. Gour, arXiv:1409.7740v2. 

[7] J. Aberg, Rhys. Rev. Lett. 113, 150402 (2014). 

[8] R. Cwiklihski, M. Studzihski, M. Horodecki, and J. Oppen¬ 
heim, arXiv:1405.5029v2. 

[9] L. A. Correa, J. R. Ralao, D. Alonso, and G. Adesso, Sci. Rep. 
4 (2014), article. 

[10] J. RoBnagel, O. Abah, F. Schmidt-Kaler, K. Singer, and 
E. Lutz, Rhys. Rev. Lett. 112, 030602 (2014). 

[11] F. Brandao, M. Horodecki, N. Ng, J. Oppenheim, and 
S. Wehner, Proc. Natl. Acad. Sci. USA 112, 3275 (2015). 

[12] H. Vazquez, R. Skouta, S. Schneebeli, M. Kamenetska, R. Bres- 
low, L. Venkataraman, and M. Hybertsen, Nat. Nanotechnol. 7, 
663 (2012). 

[13] O. Karlstrom, H. Linke, G. Karlstrom, and A. Wacker, Rhys. 
Rev. B 84, 113415 (2011). 

[14] R Rebentrost, M. Mohseni, and A. Aspuru-Guzik, J. Rhys. 
Chem. B 113, 9942 (2009). 

[15] S. Lloyd, J. Rhys.: Conf. Ser. 302, 012037 (2011). 

[16] C.-M. Li, N. Lambert, Y.-N. Chen, G.-Y. Chen, and F. Nori, 
Sci. Rep. 2, 885 (2012). 

[17] S. Huelga and M. Plenio, Contemp. Phys. 54, 181 (2013). 

[18] F. Levi and F. Mintert, New J. Phys. 16, 033007 (2014). 


[19] G. Gour and R. W. Spekkens, New J. Phys. 10, 033023 (2008). 

[20] I. Marvian and R. W. Spekkens, New J. Phys. 15, 033001 
(2013). 

[21] F. G. S. L. Brandao, M. Horodecki, J. Oppenheim, J. M. Renes, 
and R. W. Spekkens, Phys. Rev. Lett. Ill, 250404 (2013). 

[22] 1. Marvian and R. W. Spekkens, Phys. Rev. A 90, 062110 
(2014). 

[23] T. Baumgratz, M. Cramer, and M. B. Plenio, Phys. Rev. Lett. 
113, 140401 (2014). 

[24] T. R. Bromley, M. Cianciaruso, and G. Adesso, 
arXiv:1412.7161. 

[25] D. Girolami, Phys. Rev. Lett. 113, 170401 (2014). 

[26] 1. Marvian and R. W. Spekkens, Nat. Commun. 5, 3821 (2014). 

[27] Z. Xi, Y. Li, and H. Fan, arXiv: 1408.3194. 

[28] F. G. S. L. Brandao and G. Gour, arXiv: 1502.03149. 

[29] L.-H. Shao, Z. Xi, H. Fan, and Y. Li, Phys. Rev. A 91, 042120 
(2015). 

[30] D. P. Pires, L. C. Celeri, and D. O. Soares-Pinto, Phys. Rev. A 
91, 042330 (2015). 

[31] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, and G. Adesso, 
arXiv: 1502.05876. 

[32] M. N. Bera, T. Qureshi, M. A. Siddiqui, and A. K. Pati, 
arXiv: 1503.02990. 

[33] R. Landauer, IBM J. Res. Dev. 5, 183 (1961). 

[34] N. A. Peters, T.-C. Wei, and P. G. Kwiat, Phys. Rev. A 70, 
052309 (2004). 

[35] M. Horodecki, P. Horodecki, and J. Oppenheim, Phys. Rev. A 
67, 062104 (2003). 

[36] M. Horodecki and J. Oppenheim, Int. J. Mod. Phys. B 27, 
1345019 (2013). 

[37] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, 
Rev. Mod. Phys. 81, 865 (2009). 



8 


[38] S. Ishizaka and T. Hiroshima, Phys. Rev. A 62, 022310 (2000). 

[39] W. J. Munro, D. F. V. James, A. G. White, and P. G. Kwiat, 
Phys. Rev. A 64, 030302 (2001). 

[40] F. Verstraete, K. Audenaert, and B. De Moor, Phys. Rev. A 64, 
012316(2001). 

[41] T.-C. Wei, K. Nemoto, P. M. Goldbart, P. G. Kwiat, W. J. 
Munro, and F. Verstraete, Phys. Rev. A 67, 022110 (2003). 

[42] N. A. Peters, J. B. Altepeter, D. A. Branning, E. R. Jeffrey, T.-C. 
Wei, and P. G. Kwiat, Phys. Rev. Lett. 92, 133601 (2004). 

[43] G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. Lett. 92, 
087901 (2004). 

[44] G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. A 70, 
022318 (2004). 

[45] G. Adesso and F. Illuminati, in Quantum Information with Con¬ 
tinuous Variables of Atoms and Light (Imperial College Press, 
2007) Chap. l,pp. 1-21. 

[46] The discussion on coherence, in Ref. [22], states that the set of 
phase insensitive operations restricts transformations allowed 
by incoherent operations. However, restrictive operations are 
not necessarily physically more relevant or significant under 
all contexts. For example, in a recent article on the resource 
theories of thermodynamics based on Gibbs preserving oper¬ 
ations and thermal operations [? ], the authors have argued 
how Gibbs preserving operations outperform thermal opera¬ 
tions even though the former is restricted by the latter set of 
operations. 


[47] E. Sjoqvist, A. K. Pati, A. Ekert, J. S. Anandan, M. Ericsson, 
D. K. L. Oi, and V. Vedral, Phys. Rev. Lett. 85, 2845 (2000). 

[48] A. K. Ekert, C. M. Alves, D. K. L. Oi, M. Horodecki, 
P. Horodecki, and L. C. Kwek, Phys. Rev. Lett. 88, 217901 
( 2002 ). 

[49] M. A. Nielsen and 1. L. Chuang, Quantum Computation and 
Quantum Information (Cambridge University Press, 2010). 

[50] E. T. Hioe and J. H. Eberly, Phys. Rev. Lett. 47, 838 (1981). 

[51] G. Mahler and V. WeberruB, Quantum Networks: Dynamics of 
Open Nanostructures (Springer-Verlag, Berlin, 1998). 

[52] G. Kimura, Phys. Lett. A 314, 339 (2003). 

[53] M. S. Byrd and N. Khaneja, Phys. Rev. A 68, 062322 (2003). 

[54] K. Korzekwa, M. Lostaglio, D. Jennings, and T. Rudolph, 
Phys. Rev. A 89, 042122 (2014). 

[55] J. A. Miszczak, Z. Puchala, and P. Gawron, 
http://zksi.iitis.pl/wiki/projects:mathematica-qi . 

[56] G. H. Hardy, J. E. Littlewood, and G. Polya, Inequalities (Cam¬ 
bridge Mathematical Library) (Cambridge University Press, 
Cambridge, England, 1988). 

[57] M. A. Nielsen, Phys. Rev. Lett. 83, 436 (1999). 

[58] M. A. Nielsen and G. Vidal, Quantum Info. Comput. 1, 76 

( 2001 ). 

[59] A. W. Marshall, 1. Olkin, and B. Arnold, Inequalities: The¬ 
ory of Majorization and Its Applications (Springer-Verlag New 
York, 2011). 

[60] M. M. Wilde, Quantum Information Theory (Cambridge Uni¬ 
versity Press, Cambridge, England, 2013). 


